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ABSTRACT

The purpose of this work is to study the stability of a vector-borne model of Zika virus. According to the parameters of the model,
there are two equilibrium, namely disease-free equilibrium (DFE) and endemic equilibrium (END). We first provide some suffi-
cient conditions that guarantee the existence of positive equilibriums for the system. The existence of endemic equilibrium and
disease-free equilibrium are determined according to the basic reproduction number. Then we show that all solutions of the system
are bounded when the initial values are in the first quadrant. Next, we analyze the local stability of the equilibrium by using the
standard method of ODE. We also perform some numerical simulations to support the analytical results. The numerical results
show that the solutions of the model exhibit the global stable.
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INTRODUCTION

Zika is one of Vector-borne disease which is infected by
mosquitoes, Aedes Aegypti and Aedes Albopictus [5]. On
February 1, 2016, Zika virus becomes a Public Health
Emergency of International Concern (PHEIC) declared by
the World Health Organization(WHO). This declaration
recognizes the high potential of Zika to spreads into a
whole Americas which endophilic and occupy a very
broad range. The concern of the WHO declaration is also
derived because of the effect of Zika virus infection on
pregnant women to her fetus [11]. It has become a
serious problem because Zika virus causes abnormalities
genital as microcephaly, spontaneous abortion, and
restriction of intrauterine growth [7]. Nearly 5000 cases
of microcephaly in the Americas are documented in areas
acquaintance Zika virus transmission[11].

In urban areas, the transmission of mosquitoes causes a
large-scale epidemic of Zika virus. Sexual transmission is
also reported, although the mosquitoes are a major cause
of the Zika epidemic virus. So far, all cases of transmis-
sion of Zika virus were infected from men to their part-
ner. The virus persistence in the testes and cement has
been described and sexual transmission window still
unclear, which has increased concern about Zika infec-
tion during pregnancy [3] [7].

A mathematical analysis of Zika virus transmission is not
much discussed by the researcher. Therefore, in this
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work we motivated to develop the mathematical model
of Zika virus transmission, refers to the model of vector-
borne disease [1] and dengue transmission of [4]. In this
study, we divide the populations into the population of
humans and mosquitoes. The population of human divid-
ed into three subclasses, namely susceptible human in-
fected human (/) and recovery human (Rj). Whereas,
for mosquitoes, we divide the population into two sub-
classes, namely susceptible vector (S,), and infected vec-
tor (I,) [8]. The mathematical model of a system is non-
linear ordinary differential equations which refer to the
logistic growth model. From the mathematical model, the
dynamic analysis worked by determining the equilibrium
and analyze its stability [9] [10]. Stability analysis is per-
formed in the form of local analysis. In the last, the re-
sults of the analysis have been obtained are illustrated
with numerical simulations using Matlab [6] [12].

MATHEMATICAL MODEL

The model of [1] discussed the global dynamics of vector-
borne disease with the horizontal transmission. Their
model divided the host populations into four subclasses,
namely suspected host (S};,), infected host (/) and recov-
ered host (Ry). The vector population is divided into
three subclasses, suspected (S,), and infected (I,). The
other work [4] comparing vector-host and SIR model for
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dengue transmission, that divided host populations into
susceptible human (Hs), infected human (H,), recovered
human (Hg), and vector populations into the susceptible
vector (Vs), infected vector (V;). In this work, we studied
the dynamical analysis of Zika virus transmission. Zika
virus spreads by mosquitoes bites. It is similar to dengue
and chikungunya [2] [3] [5]-

Then we construct a new model of Zika transmission by
assuming the following cases:
1. The populations are closed and bounded.

2. The virus also spreads through human sex, blood
transfusion, and laboratory exposure.

3. Total time dependent population of human and
vectors are N, = Sy, + I, + R, andN,, = S, + [,,.

According to the previous assumption, the Zika virus
transmission represents the following nonlinear differen-
tial equations:

sy
dr = Ap = B1Spln — B2Skly — UrSh,
dly,
ar B1Snln + B2Sply — Vin — Uplp,
dRy
{——=vyI, — u R, 1
dt Vip — Upfp €9)
ds,
dt =A, — .835111}1 = UpSy)
ds,
\ E = BSSth = Uyl

where S, (t), I, (t), Ry (t), S, (t), L,(t), stand for suspected
human, infected human, recovery human, suspected vector,
and infected vector, respectively. In this study, all of the
parameters are positive, where A, denote the growth rate of
human, A, denote the growth rate of mosquitoes, B, is the
rate of direct transmission of the disease, B, is the rate of
transmission from mosquitoes to human, S5 is the probabil-
ity of transmission from human to mosquitoes, y for the per
capita recovery rate of the infective population, u; means the
death rate of human, and u,, means the death rate of mosqui-

Analisis Dinamik Pada Model Sederhana Penyebaran Virus Zika

ABSTRAK : Tujuan dari penelitian ini adalah untuk mempelajari
kestabilan pada model vektor borne penyebaran virus Zika.
Berdasarkan parameter pada dua titik kesetimbangan, yaitu titik
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endemik (END). Pertama,
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ditunjukkan bahwa semua solusi sistem terbatas saat nilai awal berada
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numerik menunjukkan bahwa solusi dari model tersebut terjadi
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toes, respectively.
Initial conditions of the model (1) are
$,(0) =0,1,(0) = 0,R,(0) 2 0,5,(0) =0,1,(0) = 0.(2)
Furthermore, the rate of total the human population is
dNy(t)
T Ap — unNp (0). 3)

With given initial condition (2) it is ensuring that
N, (0) = 0. So, total population Ny, (t) will be positive and
bounded for all finite time, t > 0. The rate of total de-
pendence of the vector population is

dN,(t)
(;t = Av - .quv(t)- (4)
Based on eq.3 and eq.4, then we have
. Ah . Av
limN, <— and limN, <—. )

t—>o0 l’lh t—>oo

Hy

Accordingly, the region of the system (1) is

A
Q= {(Sh,lh,Rh,Sv,Iv) ER,0<S,+1,+R, < M—h,o
h

Ay
<S,+1, < —}.

Uy

(6)

Lemma 2.1. The closed set {2 is positive invariant and at-
tracting concerning the system (1).

Proof Let (Sy, I, Ry, Sy, I,) be the solution of the system
(1) with initial value (2). Then we consider the following
Lyapunov function

L(t) = (Ly(), L, (8)) = (Sp + In + Ry, Sy + 1), (7)
The time derivative of (7) is
dL
dt = (Ap — pnly, Ay — piyLy). ®)
From eq.8 we can show that
dL, Ay
—=A, —upl; <0, forL; = —
dt Hn
N €))
dL2 AU
kE=AU—,uUL2 <0, forLZZE

It follows (9) that % < 0 which imply that Q is positive

invariant. Then, by comparison theorem (9)(12) can be
used to show that 0< (L L) < (L(0)ekrt +

%(1 — etnt), [, (0)etrt + 22 (1 — eMvt)). When t - oo,

h upt

then 0 < (L, L,) < (ﬂ,ﬁ), so Q is attracting. Thus,
HUh Hv

proof is complete.

DISEASE-FREE EQUILIBRIUM

The equilibrium of the system (1) is disease-free equilibrium
(DFE) and endemic equilibrium (END). The DFE is E° =
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<%,0,0,%,0). The dynamics of the disease is described
h v
by the quantity of R, as follows

R = #hNh(#vaﬂ2ﬂ3 + ﬁl:uvz)
° Ho? i (fn +7)
Lemma 3.1. If Ry < 1, then the disease-free equilibrium

(DFE) point of the system (1) is local asymptotically sta-
ble, otherwise it is unstable.

)

Proof. The local stability of the DFE can be verified by line-
arizing the Jacobian matrix of the system (1) around DFE.

A A
L BM g B
Hn Hn
A A
0 B1An —y—w, 0 0 B2An
Hn Hn
14
0 _Bshy —pn 0 0
0 Hy 0 —HUy 0
0 ﬂSAv 00 —u,
Uy

The characteristic polynomials of the Jacobian (11) as fol-
lows,

A+ pup)* A+ 1) (A + a4 + ay). (12)

Where,
a; = (p +7) + py — B1Ny,
ag = Uy (¥ + tp) — UpB1Np — B2B3N, Ny,

Five eigenvalues are corresponding to equation (18), which
are the three of eigenvalues,—u,, —up, and —u,, have the
negative real part. The other eigenvalues can be obtained by
solving the following equation,
EQA) =22+ a1+ a,.

By the fundamental mathematics computation, E(1) have
negative real parts if a; > 0 and a, > 0. These conditions
are satisfied when R, < 1. Then, the characteristic polyno-
mial of equation (12) has negative real parts. Then the DFE
is locally asymptotically stable.

ENDEMIC EQUILIBRIUM
The endemic equilibrium (END) of the system (1) is
(S, LRy, S, L) where,
S * = :uv(Ah + y)(:uv + B3Ih*)
" Buto Gty + Bl + Aoy
* Vlh* * Av * Av,83lh*
R, =—,8, = L, = -
[ ty + Bl o (tty + B3l ")
If I, # 0 substitute S,", I,” to the system (1), then we
have the following equations

fUR) = (1) + ey + ¢

14

(15)
where,
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¢z = WP1Bs(un +v) >0,

1 = (un + V)2 B2Bs + pttuBs + Prity?),

Co = iy tn(tn +¥)(1 = Ro).

By using elementary computation, the solution of is

_Cl i Clz - 46260

()12 = (16)

2c,
To understand the value of I,", we can see the following
lemma.

Lemma 4.1. If R, > 1, then there only one positive solu-
tion of END.

Proof. Let’s see the equation (15). If R, > 1, then we have
co < 0. According to (16), it is easy to find ¢;2 — 4c,c, > 0,
so that ¢; < \/¢;% — 4c,c,. By substituting the previous re-
sult to the equation (16), it is easy to see that (1,"); > 0 and
(I"), > 0. So, there is one positive solution of END.

The local stability of the END can be verified by lineariz-
ing the Jacobian matrix of the system (1) around END.

—tp — Buly” — Boly” B1Sk” 0 0 B8,
Bily" + BoI," —up + PSSy — v 0 0 BSy°
0 Y —u, 0 0 .(17)
0 —BsSy,” 0 —pu,—pBsly* 0
0 B3Sy” 0 Bsly” —wy

The characteristic polynomials of the Jacobian (17) as fol-
lows,
Penp(A) = (A + 1) (A + .Uh)()L3 + bz)L2 + by A + by).

(18)

Where,

by, = (6 + up + py) + (B + B + Bol," — 1Sy’

by = 6%+ 8(b, — B1Sy") + (uy + B3Ih*)(b2 -

(y + 8 + Bsln™)) — Sp" (Buttn + B2B3S,),

by = 8(uy + B3l ) (ba — (y + 8 + B31")) — 1nSn” (Bitty

+ B2B35,").
According to Jacobian (17) and polynomial (18), we have
b, >0, by, >0, and b,b, > b,. Then the Routh-Hurwitz

criterion [13] ensures that END is locally asymptotically
stable.

NUMERICAL RESULTS AND DISCUSSION

The mathematical analysis of system (1) has discussed in
the previous. Then, in this section, we discuss the numer-
ical result to present the global dynamics of the system
(1) when R, <1 and R, > 1. To solve it we are using
fourth-order Runge-Kutta methods [6]. First, choose the pa-
rameter value as follows A, = 0.3,A, =0.2,5, = 04,53, =
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0.1,8; =0.2,u, = 02,4, =0.7, and y = 0.6. Those pa-
rameter values satisfy the conditions of R, < 1. By these
parameter values, we can plot any numerical result by using
software Matlab.

| e SH(1) W

—lhit) |}
e R(E)
Sv(t)
T e 1t) |1

i i i L J
0 20 40 60 80 100

Figure 1: Numerical result of the system (1) when R, < 1.

Another global stability phenomenon also occurs in case
Ry > 1. Choose the parameter value which is satisfy Ry > 1
as follows A, =03, A,=02,6,=04,8,=01,5; =
0.2,u, =0.1,u, = 0.17, and y = 0.2. By using software
Matlab, we got the following figure.

Sh(t)
e [R1(1)
— R0 | ]
Sw(t)
— () |4

08

0.6

04

0.2

0 I
0 20 40 60 80 100

Figure 2: Numerical result of the system (1) when R, > 1.

Figure 1 shows that by taking initial condition
(0.2;0.2;0.3; 0.9; 0.7) and the parameter conditions R, < 1
the solution will tend to DFE. It is mean that the system (1)
will free from Zika virus disease, if satisfy the condition
R, < 1. In contrary, endemic condition of system (1) will
occurs when satisfying the condition R, > 1. This phenome-
non shows in Figure 2.

Table 1. Probability of each parameter

Article
1 1
14 0<y<ly=——=—=0.0714
recoverytime 14
(per-day)
A, U, N, (mosquitoes per-day)
Ky L =1 -0.0714 (per-day)

lifetime T 14

Bs 0 < B3 < 1 (person x day)

Parameter  Probability (value)
Ay up Ny (person per-day)
1 1
Hn ifetime — e5x365 0.0000421 (per-day)
B4 0 < B; <1 (person x day)
B, 0 < B, <1 (mosquitoes x day)
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Qualitatively, when the total population is increasing either
mosquitoes or human populations, hence the transmission of
disease will be faster. To reduce the disease transmission of
Zika virus explains to the following solutions :

1. Reduce the chances of success virus transmission from
humans to mosquitoes and vice versa. This can be done
using anti-mosquito repellent or curtains.

2. Reduce the chances of success virus transmission be-
tween humans. This can be done by using condom or
reduction of the intensity of sexual interaction with hu-
mans infected. Better yet, suspended the sexual interac-
tion with infected humans during which the infected has
not been recovered.

3. Reduce the mosquito population in the neighborhood
and increase the chance of dying mosquitoes, can be
done with 3M Program or fumigation (fogging).

4. Increase the chances of recovery of infected humans, as
a means of shortening the time of treatment so quickly
for healthy people, are infected and immune from the
disease.

CONCLUSION

In the previous section, we have studied about Zika virus
transmission. In this section, we summarize the following,

1) In Section 2, we construct the Zika virus transmis-
sion model by extended the model of [4] and [1]. In
this part, we also proved the boundedness of solu-
tion, by analysis the positive invariance and attract-
ing the region Q of the system (1).

2) The model (1) has two equilibrium points. An unin-
fected equilibrium, what we called Disease Free
Equilibrium (DFE), where the Zika virus diseases
are not present. Second is endemically infected
equilibrium or Endemic Equilibrium (END).

3) In Section 3 and 4, the analytical analysis of Dis-
ease Free Equilibrium (DFE) and Endemic Equilib-
rium (END) is worked, respectively. The existence
of equilibrium and linear stabilities are discussed.
The linear stability of DFE and END solved by lin-
earized the non-linear equilibrium of system (1) by
Jacobian. By compute the Eigenvalue of Jacobian
and substituting of each equilibrium, we can con-
clude that DFE is local asymptotically stable if
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R, < 1. Otherwise, when Ry > 1, the END is local
asymptotically stable.

4) The global stability phenomena of the system (1)
identified by numerical results (see Figures 1 and 2)
by using fourth-order Runge-Kutta methods. Ac-
cordingly, when the combination of parameter satis-
fies the condition R, < 1 the trajectories tend to
DFE. Otherwise, the trajectories of the system (1)
tend to END. So, by numerical analysis, it can be
concluded that DFE globally stable under condition
R, < 1. And globally stable at END when Ry > 1.

5) In general, we can avoid Zika virus by using anti-
mosquito repellent or curtains, suspended the sexual
interaction with infected humans, 3M Program or
fumigation (fogging), and treatment so quickly for
healthy people are infected and immune from the
disease.
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